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INTRODUCTION
Use of small, simple, and inexpensive satellites continuously grows, ﬁnding every day
more applications for space missions. Therefore studies of simple systems of spacecraft
motion control are always of great interest. The capacity to control the orbital motion of a
satellite with limited resources can provide new options for large variety of applications.
It is quite usual to assume that the control trust available on board of the satellite can
be arbitrary oriented in space. This assumption is valid in case of several thrusters and/or
capacity to perform spacecraft reorientation manoeuvres. However, three-axis stabilization
requires quite complex ACS. Instead, one can consider the possibility to install only one
thruster and to use a (largely available) simple and lightweight attitude control system to
stabilize motion of the thrust axis. In this case, one can formulate the problem of orbital
control assuming the thrust axis orientation to be known at any moment of time. The impor-
tant question is then to determine the classes of orbital manoeuvres that can be performed
using the above control systems.
Here we consider properties of satellite orbit control systems, assuming that the direc-
tion of the thrust axis is given as a function of the satellite orbital position, that is, that the
satellite is subject to a single-input control. One can indicate several examples of such sys-
tems; here we consider three particular cases. We study a satellite with a passive magnetic
attitude control system and one or two thrusters mounted along the axis of the magnet.
The other example is a satellite with the thrust axis ﬁxed in the absolute space. Finally,
we examine spacecraft equipped with a balloon of variable effective surface area and sub-
ject to solar pressure. To study potential use of these control systems we have chosen two
promising applications, namely, formation shape maintenance and satellite de-orbiting.
∗Professor, Centre for Aerospace Science and Technologies, UBI, Department of Electromechanical Engineer-
ing, University of Beira Interior, Calc¸ada Fonte do Lameiro, 6201-001 Covilha˜, Portugal.
†Professor, Centre of Physics, UM, Department of Mathematics and Applications, University of Minho, Cam-
pus de Gualtar, 4710-057 Braga, Portugal.
IAA-AAS-DyCoSS1-02-08
AAS 12-312
ORBITAL MANOEUVRES WITH SINGLE-INPUT CONTROL
Anna D. Guerman* and Georgi V. Smirnov†
We study the problem of orbital control under the constraints on the thrust di-
rection for a nonlinear dynamical model. The satellite is equipped with a pas-
sive attitude control system providing one-axis stabilization and a propulsion
system consisting of one or two thrusters oriented along the stabilized axis.
Different applications, such as formation flying and satellite de-orbiting are
considered.
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Applications of the single-input control concept to the problem of formation maintenance
have been considered for several missions (see, e.g., Reference 5, 8, 11). Much research is
focused on compensation of the relative drift of satellites caused by the J2 harmonic of the
Earth’s gravitational potential. In our previous studies, a possibility to obtain a periodic
relative motion of the chief and deputy satellites has been demonstrated for several types
of single-input control, including the control oriented along the geomagnetic ﬁeld and the
control along an axis ﬁxed in the absolute space. In each case sufﬁcient controllability
conditions have been deduced. In general, these conditions can be formulated as follows:
the vector of control direction should have non-zero components both in the orbital plane
and along the normal to the orbit. For the control oriented along the geomagnetic ﬁeld, the
existence of a closed trajectory of relative motion with double period has been established
for arbitrary initial conditions. We have also proved that the inaccuracy caused by the errors
of the linearized dynamical model can be compensated for. Here we consider nonlinear
model of system dynamics and show that the relative trajectories can be kept within a
vicinity (though not necessarily small) of the reference orbit.
The other problem considered here is spacecraft de-orbiting. The use of thrusters to this
end is one of the options, and in this case the resources required for this manoeuvre depend
essentially on the available system of motion control. Recently a passive de-orbiting system
for high altitude satellite has been proposed.7 It uses deployable reﬂective balloon. The de-
orbiting occurs thanks to growth of the eccentricity of satellite’s orbit.6 But References 7,
6 deal with equatorial orbits. Here we suggest two active de-orbiting system. One of
them uses a thruster oriented along the geo-magnetic ﬁeld and the other uses a deployable
reﬂective balloon. Both diminish the total energy when this is possible. Such systems are
deﬁnitely more complex but their capability to operate can be shown for a large set of initial
trajectories.
BACKGROUND NOTES
We use the modiﬁed equinoctial orbital elements (p, f, g, h, k, L) to describe the position
of a satellite. Here p is the semiparameter, L is the true longitude and the other elements
are given by
f = e cos(ω + Ω),
g = e sin(ω + Ω),
h = tan
i
2
cosΩ,
k = tan
i
2
sinΩ,
where e is the orbital eccentricity, i is the orbital inclination, ω is the argument of perigee,
and Ω is the right ascension of the ascending node. The differential equations describing
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the orbital motion are
p˙ =
2p
w
√
p
μ
Δt,
f˙ =
√
p
μ
(
Δr sinL+ ((w + 1) cosL+ f)
Δt
w
− (h sinL− k cosL)gΔn
w
)
,
g˙ =
√
p
μ
(
−Δr cosL+ ((w + 1) sinL+ g)Δt
w
+ (h sinL− k cosL)fΔn
w
)
,
h˙ =
√
p
μ
s2Δn
2w
cosL,
k˙ =
√
p
μ
s2Δn
2w
sinL,
L˙ =
√
μp
(
w
p
)2
+
1
w
√
p
μ
(h sinL− k cosL)Δn,
where Δr, Δt, Δn are the accelerations in the radial, tangential and normal directions,
respectively.
FORMATION FLYING
Figure 1. The trajectory of relative motion with bilateral control and magnetic ACS.
The design of formation ﬂying missions is one of the main directions of modern space
system development. One of the main problems to be solved in design of a formation ﬂying
mission is that of maintenance of the required spatial conﬁguration of satellites. Consider
a two-satellite formation the aim of which is to perform measurements or observations, at
several points of the orbit. Suppose that the deputy satellite is equipped with a propulsion
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Figure 2. The trajectory of relative motion with bilateral control along an axis ﬁxed
in absolute space.
system with its thrust axis ﬁxed in the body of satellite. The thrust can be directed in both
ways or in only one, depending on the propulsion system employed.
The Schweighart-Sedwick model
Recall some recent results obtained in Reference 5. The work deals with the general
problem of compensation of J2 perturbations for the deputy satellite in two-satellite for-
mation. The chief satellite is assumed to move passively. The dynamics of the relative
motion is governed by the Schweighart-Sedwick linear equations (see Reference 10), a
modiﬁcation of the Hill-Clohessy-Wiltshire equations:
x¨+ 2ncz˙ = w(t)ex(t),
y¨ + q2y = 2lq cos(qt+ φ) + w(t)ey(t),
z¨ − 2ncx˙− (5c2 − 2)n2z = w(t)ez(t).
The linearization is done with respect to the circular reference orbit with the mean motion
n. Here x, y, and z are coordinates in the respective orbital reference frameOxyz. The axes
are chosen in the following way: Oz indicates the radial direction outwards from the Earth,
Ox is directed along the velocity of the point O, and y is normal to the orbital plane. The
coefﬁcients c, q, l, and φ are properly deﬁned constants. This modiﬁcation well describes
the effect of J2 perturbations and has been successfully used to study many problems of
relative dynamics, such as formation keeping and rendezvous (see, e.g., References 1, 2, 9,
4). Two different types of single-input control have been considered:
1. Bilateral control oriented along a vector ﬁxed in the inertial space (the case of spin
stabilization);
2. Bilateral and unilateral control oriented along the vector of local geomagnetic ﬁeld
(the case of passive magnetic stabilization).
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Figure 3. The trajectory of relative motion with unilateral control and magnetic ACS.
It has been shown that for any initial conditions there exists a control that provides a peri-
odic relative motion of chief and deputy satellites with a period T between 1 and 2 orbital
periods. This means that the maximum distance between satellites does not become very
large. Though the shape of relative trajectory is not controlled, the existence of bounded
short-period relative motion sufﬁces to perform the required measurements in many nano-
and picosatellite formation missions. Note that in the case of unilateral controls, the situa-
tion is more involved.
Nonlinear equations of motion
To treat the nonlinear case we use a Newton-type method recently developed to solve
systems of nonlinear equations with geometric constraints (see Reference 3). Let
z˙ = f(t, z, u), u ∈ U ⊂ R, t ∈ [0, T ], (1)
be the system describing the relative motion of two satellites. The initial position is z(0) =
z0 ∈ R6. Our aim is to ﬁnd an admissible control u(·) guaranteeing the equality
z(T, z0, u(·)) = zT ∈ R6.
The set of controls is U = R or U = R+ = {u | u ≥ 0}. To numerically solve the problem
consider a discrete-time system
zk+1 = zk + τf(kτ, zk, uk), uk ∈ U , k = 0, N − 1. (2)
Here τ = T/N . Our aim is to ﬁnd a solution to the system
F (Z,U) = 0, U ∈ UN , (3)
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Figure 4. De-orbiting from a near polar orbit with unilateral control and magnetic
ACS: the radius of the orbit.
where F : R6(N−1) × UN → R6N is given by
F (Z,U) =
⎛
⎜⎜⎜⎜⎜⎜⎝
z1 − z0 − τf(0, z0, u0)
z2 − z1 − τf(τ, z1, u1)
· · ·
zk+1 − zk − τf(kτ, zk, uk)
· · ·
zT − zN−1 − τf((N − 1)τ, zN−1, uN−1)
⎞
⎟⎟⎟⎟⎟⎟⎠
.
The Newton-type method from Reference 3 takes the following form. Set
Λ(Z,U)(Z¯, U¯) = ∇ZF (Z,U)Z¯ +∇UF (Z,U)U¯ ,
where
∇ZF (Z,U)
=
⎛
⎜⎜⎜⎜⎜⎜⎜⎝
I6 · · · 0
−I6 − τ∇zf(τ, z1, u1) . . . 0
0
. . . 0
· · · · · · · · ·
0 · · · I6
0 · · · −I6 − τ∇zf((N − 1)τ, zN−1, uN−1)
⎞
⎟⎟⎟⎟⎟⎟⎟⎠
,
∇UF (Z,U)
= −τ
⎛
⎜⎜⎝
∇uf(0, z0, u0) 0 · · · 0
0 ∇uf(τ, z1, u1) · · · 0
· · · · · · · · · · · ·
0 0 · · · ∇uf((N − 1)τ, zN−1, uN−1)
⎞
⎟⎟⎠ ,
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Figure 5. De-orbiting from a near polar orbit with unilateral control and magnetic
ACS: the inclination of the orbit.
Z¯ = (z¯1, . . . , z¯N−1) ∈ R6(N−1), and U¯ = (u¯0, . . . , u¯N−1) ∈ UN . To ﬁnd a solution
to Problem (3) we apply the following algorithm. Let (Z,U) be given. The next iterate
(Z ′, U ′) is calculated as follows.
1. Solve the problem
‖Z¯‖2 → min, (4)
−F (Z,U) = Λ(Z,U)(Z¯, U¯), (5)
U¯ ∈ UN . (6)
2. Solve the problem
‖F (Z + hZ¯,W )‖2 → min, (7)
W ∈ UN , (8)
h ∈ [0, 1], (9)
where Z¯ is the solution to the previous problem.
3. Set Z ′ = Z+hZ¯ and U ′ = W , where h andW are solutions to the previous problem.
In Fig. 1 we can see a trajectory of relative motion in the case of bilateral control with
magnetic ACS. A trajectory of relative motion in the case of bilateral control along an axis
ﬁxed in absolute space is shown in Fig. 2. Finally, in Fig. 3 a trajectory of relative motion
in the case of unilateral control with magnetic ACS is shown.
DE-ORBITING
In this section we consider some de-orbiting control algorithms for satellites with unilat-
eral control. We used the atmosphere model from Reference 12.
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Figure 6. Reaching an equatorial orbit with unilateral control and magnetic ACS:
the radius of the orbit.
Thruster oriented along the geomagnetic ﬁeld
Suppose that the satellite’s thruster is oriented along the geomagnetic ﬁeld. In this case
we have
Δr = − 2 sin i sin u√
1 + 3 sin2 i sin2 u
F,
Δt =
sin i cosu√
1 + 3 sin2 i sin2 u
F,
Δn =
cos i√
1 + 3 sin2 i sin2 u
F,
where F ≥ 0 is the acceleration and u is the argument of the latitude. The total energy is
given by
W = − μ
2a
,
where a is the semimajor axis. Denote by DW (p, f, g, h, k, L, F ) the derivative of the total
energy along the trajectory of the satellite at the point (p, f, g, h, k, L) with the acceleration
F . A natural de-orbiting control algorithm is given by the following rule:
F0 =
{
Fmax, DW (p, f, g, h, k, L, 1) < 0,
0, otherwise.
The satellite equipped with such a controller will either reach the Earth’s atmosphere and
burn up or will move during inﬁnite time in the equatorial plane where the condition
DW (p, f, g, h, k, L, 1) ≡ 0 is satisﬁed. Figures 4 - 7 illustrate these situations. The initial
orbit of the satellite is a circular one. The radius is 7000 km, and Fmax = 0.001 m/s2. If
the orbit is rather close to the polar one then we observe a de-orbiting. If the orbit is almost
equatorial, the satellite reaches the set where DW (p, f, g, h, k, L, 1) ≡ 0.
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Figure 7. Reaching an equatorial orbit with unilateral control and magnetic ACS:
the inclination of the orbit.
The use of solar radiation pressure
Another example of a unilateral control analysed here is the solar radiation pressure.
Assume that the satellite is equipped with an inﬂatable balloon. When the balloon is in-
ﬂated, the solar pressure achieves its maximal value and if we blow off the balloon the solar
pressure is almost zero. This gives us a possibility to control the trajectory of the satellite.
Denote byQ the matrix with the columns qr, qt, qn computed from the Earth-centred inertial
position r and velocity vectors v according to
qr =
r
‖r‖ ,
qn =
r × v
‖r × v‖ ,
qt = qn × qr.
In this case we have ⎛
⎝ ΔrΔt
Δn
⎞
⎠ = −QT
⎛
⎝ cosλsinλ cos 
sinλ sin 
⎞
⎠F,
where  = 23◦27′ is the angle between the ecliptic plane and the Earth equator, λ is the
ecliptic longitude of the Sun, and F is the solar radiation pressure. Again one can use the
de-orbiting control algorithm given by
F0 =
{
Fmax, DW (p, f, g, h, k, L, 1) < 0,
0, otherwise.
An example of de-orbiting is shown in Fig. 8. The initial orbit of the satellite is a circular
one with the radius 7000 km. The set where DW (p, f, g, h, k, L, 1) ≡ 0 corresponds to a
Sun-synchronous orbit with the normal vector pointing towards the Sun.
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Figure 8. De-orbiting using solar pressure: the radius of the orbit.
CONCLUSIONS
We examine the possibilities for orbit control by means of the trust/propulsion vector
when its direction is known as a function of spacecraft location. We consider three types
of such single-input control, namely, spacecraft with the thruster oriented along the geo-
magnetic ﬁeld, satellite with the thruster axis ﬁxed in the absolute space, and the case of
balloon satellite subject to solar pressure. We have shown that single-input control system
allow one to perform different and rather complicated orbital manoeuvres, being able, e.g.,
to keep a satellite in a vicinity of a reference orbit or to de-orbit a satellite in the end of its
service.
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